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Case Study

Figs. 4a and 4b constitute the nomogram with respect to the
optimal set of parameters. Figs. 4c and 4d are helpful in
quickly reading the values of individual variables that compose
the parameters. From Figs. 4a and 4b it can be seen that for
given engagement parameters (i.e., v and V/R) the minimum
dwell time available is controlled by a/r. Three cases are con-
sidered here for illustration.

Case 1. Worst Case

Let us assume that the requirement is to ensure a minimum
dwell time of 100 ms for a typical encounter geometry and
V/R =0.2 rad/s. Thus, starting from V/R =0.2 rad/s in Fig.
4a and ?,;, = 100 ms in Fig. 4b, and following the route shown
as case 1, point Z is located in Fig. 4b. The value chosen for
v is 0 because it gives minimum dwell time. At point Z, a/r is
0.71. To find the value of a assume an acquisition range of 10
km. Then, following the case 1 route in Figs. 4c and 4d, for
a/r=0.71, a =500 m. A value for V/R less than 0.2, however,
would lead to a higher value of @ for the same R and #,.

Similarly, any constraint on the lowest value of v would also
result in an increment in a/r and, therefore, in ¢. It can also
be noted here that the chance of ¢ =0 deg would also be low,
and that for ¢ >0, the dwell time would always be more than
that read by the nomogram. For ¢ >0, Eq. (11) can be used.

Case 2; Typical Case

Let R =10km, V'=1000m/s, and =50 deg. In this case
the minimum dwell time requirement of 100 ms can be met
only for cases with a/r <0.9 following the case 2 route from
Fig. 4¢ to 4a to 4b. From Fig. 4d, a is found as 630 m.

Case 3. Zero Closing Speed Case

In this case, V'is orthogonal to the R vector (i.e., OX or the
seeker line of sight). From Fig. 2b

_t “<L>=t _ a cos ¢ >
Yorth an an
ON, N1—(a/R)?*cos*¢p

For a radially outward moving target, ¢ =0 and then

Yorth = tan‘1< > =tan~! [(a/r)tan B]

R2—42

In this case, for a target sighted at the beam center (i.e., @ =0)
Yortn =0; and from Eq. (12)

r tanf Y beam width

t -— = =
el ™y 7 p/R T line-of-sight rate

This would be found in the nomogram by extending graph b
in Fig. 4 for the a/r =0 case. It should be noted that when
closing speed is zero, Doppler shift is zero. In fact, in this
case R is defined as the miss distance. Also, in general, line-
of-sight rate = (component of V orthogonal to line-of-sight)/R
=[V cos(y — Yorm)l/R. ‘

Conclusion

A nomogram has been designed to define the circular area
within which to find the target for a wide range of missile
engagement parameters, given a dwell time constraint.
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Introduction

HE control of vibration in large structures is complicated

by the presence of many closely-spaced modes within the
controller bandwidth. Problems of stability robustness arise
since accurate models for the entire structure are difficult to
generate. This Note investigates stability issues associated with
a decentralized control strategy applied to subsystem models
of the structure, focusing on the case when subsystem frequen-
cies are closely spaced. Subsystem interaction is assumed to
exist primarily because of the actuators, whose locations are
usually constrained by physical limitations.

An excellent overview of decentralized control approaches
has been written by Sandell et al.! One of the first papers to
specify conditions for the existence of a local output feedback
law was written by Wang and Davison.? Conditions on the
coupled system dynamics to guarantee stability for decentral-
ized controllers have been developed by Nwokah and Perez.?
Iftar and Ozgiiner® have proposed a design method for decen-
tralized controllers based on linear quadratic Gaussian/loop
transfer recovery (LQG/LTR) techniques.

The work presented in this Note addresses the issue of de-
centralized control stability for systems having significant sub-
system interaction. A novel coupling parameter is introduced
that characterizes the degree of subsystem interactionina 2 x 2
system that is coupled by the actuator forces. This parameter
is used to determine stability bounds for both decentralized
and centralized active vibration control. A simple cantilever
beam structure with attached disk is used to confirm the theo-
retical development experimentally.

Stability Analysis
A specific class of structural systems will be considered
whose subsystems interact only through the applied forces.
The equations of motion for a general structural system model
coupled only through the actuators can be represented as fol-
lows:

I¥ + 25w Y + [Na? 1Y = PF )

where [“2§w; ] and [Nw? .J represent diagonal matrices that
depend on the damping ratio {; and natural frequency w; and
P represents a nondiagonal coupling matrix.

Before a suitable stability analysis can be developed, Eq. (1)
must be converted into transfer matrix form by taking the
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Laplace transform of both sides. The resulting transfer matrix
G(s) relating Y(s) to F(s) can be expressed as

P11 P2
S+ 2hws +w? sPH20ws ol
G(s)= 2
P2 P

52+ 2{2&)25‘5’0}% Sz+2§'20)25 +w%

for a simple 2 X 2 system, where the p;; represent the individual
elements of P.

To characterize the degree of interaction between the two
subsystems represented by the transfer matrix G(s), a novel
coupling parameter ¢ is defined. If the natural frequencies
w; and w, are nearly the same, the off-diagonal elements
of G(s) can be represented in terms of the diagonal elements
as follows:

Prz=capy (3)
Pa=cBpxn @

where o and 8 are scaling constants that normalize the value
of ¢. A small value of c¢ indicates a diagonally dominant sys-
tem, whereas a larger value of ¢ indicates significant subsystem
interaction.

The stability properties of a decentralized control system
coupled through the actuators can be defined in terms of the
coupling parameter c¢. For a 2x2 system, the decentralized
controller acts only on the diagonal elements of G(s). G(s)
can be rewritten as Gy;pe(s)(J +M(s)), where Gaioo(s) contains
only the diagonal elements of G (s). The matrix M(s) is called
the interaction matrix, which can be represented as

0
M(s) = [C p c(;"] )

The stability of the coupled system can be determined by the
stability of the diagonal controlled subsystems if det(I + M (s))
>0 for all s on the Nyquist contour.? This condition is both
necessary and sufficient to ensure stability of the coupled sys-
tem using diagonal controllers.

The restrictions on degree of coupling to maintain decentral-
ized stability can be determined by evaluating det(] + M (s))
=1-c2a8>0. Thus, the critical degree of coupling c*, where
the coupled system just goes unstable, is given by c*=+/1/af.
This critical coupling value occurs when the product of the
off-diagonal terms of P equals the product of the diagonal
terms, that is, py1 P22 = p1ap2: - If the coupling exceeds this crit-
ical value, the coupled system goes unstable even though the
diagonal elements of the control system are stable. For values
of ¢ greater than c*, the open-loop plant is dominated by the
off-diagonal terms. Thus, the role of the inputs can be inter-
changed to give a diagonally dominant system, having similar
stability properties. 7

The stability of a centralized control scheme can be de-
termined by inspecting the controllability matrix as the cou-
pling parameter ¢ changes. When critical coupling is reached
(¢ =c¢*) and when the natural frequencies are closely spaced
(w;=w,), several columns of the controllability matrix are
linearly dependent, indicating that part of the system is uncon-
trollable. This situation means that for ¢ =c¢* and w; =w,, the
closed-loop feedback system has one set of poles that corre-
spond to open-loop poles that lie on the imaginary axis for
near-zero damping. Thus, with any state feedback controller
designed to place the poles of the coupled system, the closed-
loop poles will approach the imaginary axis as ¢ approaches c*
from either direction. Therefore, a single centralized state
feedback controller cannot remain stable for both ¢ <c¢* and
¢>c* as long as the natural frequencies are lightly damped
and closely spaced.

Controller Design

A simple proportional-derivative (PD) controller is used as
the decentralized control strategy. A state feedback regulator
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based on pole placement is used as the centralized controller.
Each of these control laws can be written as

F(s) = —K(5)Y(s) - ®

where K(s) has terms like K,,; + Ky;s as each element for cen-
tralized control and as diagonal elements only for decentral-
ized control. The closed-loop poles for the entire system, in-
cluding the effect of coupling, can be determined from

det[T+G(s)K(s)] =0 %)

where G(s) is defined in Eq. (2). The individual controller
gains are determined to place these closed-loop poles at desired
locations for either the diagonal subsystems with decentralized
control or the entire system for centralized control. In this
case, poles at s = — 17.5 £730.3 were specified, giving a well-
damped response with damping ratio of 0.5 and settling time
of 0.5s.

Experimentél Structure

A simple test structure has been designed and built to allow
experimental verification of the stability analysis. This struc-
ture consists of a cantilever beam with disk attached to the free
end (see Fig. 1a). The beam has a rectangular cross section
with aspect ratio 4:1 to bring the torsional natural frequency
closer to the bending natural frequencies without requiring a
large disk diameter.’ The fundamental natural frequencies in
the stiffer bending direction and in torsion are each approx-
imately 5 Hz.

Three voice-coil-type DC motors are mounted below the
disk to generate control forces against a plate attached to the
bottom of the disk. These linear motors generate a peak force
of roughly 15 N (3.4 1bs). One of the motors is used to generate
a bending force in the stiffer bending direction, and the other
pair of actuators generates a twisting moment for torsion. A
unique feature of the experimental setup is that the three actu-
ators can be located anywhere along the diameter of the disk.
In this way, an arbitrary degree of interaction between bending
and torsion can be achieved simply by relocating the motors.

A set of three inductive-type proximity sensors are used to
measure bending and torsion deflections. All of these sensors
are mounted near the cantilever end of the beam. One sensor
is mounted at 13.3 cm below the cantilever end against the
narrow edge of the beam to measure bending deflections. A
pair of sensors is mounted at 21.0 cm below the cantilever end
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Fig. 1a Schematic of beam-disk structure.
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Fig. 1b Locations of actuator forces to achieve coupling.
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Fig. 2 Experimental responses using a) diagonal controllers and
b) centralized controller.

on opposite sides of the wide edge of the beam to measure the
twist angle. Using these measurements, and the deflection
equations for a simple cantilever beam, the displacements at
the end of the beam are determined. Velocities are calculated
using finite differences.

The transfer function between bending deflection Y, at the
end of the beam and bending force Fj is given by

Yy(s)  0.0034 <E> @
Fy(s)  $24+0.215+891 \N

The transfer function between twist angle ® at the end of the
beam and twist torque 7 is given by

®(s) 0.47 <ﬂ> ©
T(s) s2+0.165+987 \Nm

These transfer functions represent the diagonal elements of
G(s) in Eq. (2) and assume that a pure bending force F;, and
pure twist torque 7 are applied. To represent coupled system
behavior, off-diagonal elements are introduced into G(s) by
appropriately offsetting the three linear actuators so that each
motor produces both a bending force and a twisting moment.
The resulting configuration of forces is shown in Fig. 1b, as
seen in a top view of the disk.

The total force acting in the bending direction and the total
torque in torsion can be expressed in terms of the moment
arms ry, r,, and r3 as follows:

VRN
<Ftotal> — 2 I 1) <Fb> (10)
Ttotal T

r 1

where F, =F, and T =r,F,+r;F; represent the bending force
and torque provided by the control law. Thus, the control
forces (F and T) generate resulting actuator forces (Fi, and
Tio1a1) that couple the bending and torsion subsystems, with the
moment arms 7, r», and r3 completely determining the degree
of coupling.

The combined transfer matrix between output displace-
ments (Y, and ®) and control forces (F, and T) can thus be
represented as follows:

Yy(s) 1<1_1><Yb(s)>
Fp(s) 2 \r2 r3/ \Fp(s)
G(s)= (11
®(s) ®(s)

"I T(s)
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Table1 Actuator placement
to achieve coupling

Moment arms, m

Coupling
c r r rs
0.00 0.00 0.15 0.15
0.17 0.042 0.201 -0.15
0.34 0.085 0.023 0.050

where the diagonal transfer functions are given by Egs. (8) and
(9). The coupling parameter ¢ can be defined in terms of the
moment arms ry, ., and r; as follows:

1/1 1
ca=-= <~— —> (12)
2 ry rs

cB=r 13)

For convenience, the scaling factors « and 3 have been selected
so that the off-diagonal terms of G(s) in Eq. (11) are equal.
Also, the coupling parameter ¢ has been normalized so that it
has a value of 1 when the maximum physically achievable
coupling value is reached, that is, when r{=0.25 m, the maxi-
mum radius of the disk. Thus, o =34.2 (1/m) and 8= 0.25 (m),
resulting in a critical coupling value c*=0.34. Values for the
moment arms required to generate several different coupling
values on the experimental structure are given in Table 1.

Experimental Results

Experimental responses to initial conditions have been ob-
tained for the controlled system using both decentralized and
centralized controllers. A simultaneous bending deflection of
0.25 c¢m and a twist angle of 0.45 deg were initially provided by
appropriately energizing the control actuators. The resulting
initial condition responses are given in Fig. 2, showing bending
deflection at the disk as deduced from proximity sensor data.
(The responses in torsion have similar characteristics but are
not shown for brevity.)

Experimental responses were obtained with diagonal con-
trollers for the structure exhibiting coupling values of ¢ =0,
0.17, and 0.34 (see Fig. 2a). When no coupling is present in
the system, the diagonal controllers generate responses con-
sistent with the desired pole locations. As coupling increases,
the system responses become more oscillatory until they be-
come marginally stable at ¢ =0.34. Experimental responses
using a centralized controller designed for ¢ =0.17 were also
obtained for the structure exhibiting coupling values of
¢ =0.17 and 0.34 (Fig. 2b). The system responses again match
the desired well-damped behavior when the actual system cou-
pling ¢ =0.17. However, when the system coupling changes to
its critical value, ¢ =0.34, the system becomes marginally sta-
ble when using the centralized controller designed for ¢ =0.17.
This occurs even though the subsystem natural frequencies are
not exactly equal.

Both decentralized and centralized controllers generate mar-
ginally stable responses at ¢ =0.34. Thus, the predicted critical
coupling value is quite accurate, especially when considering
that the experimental system includes a number of characteris-
tics not considered in the analysis, such as higher modes, non-
proportional structural damping, and nonlinearities in the
mounting brackets.

Conclusions

The objective of this research is to directly investigate the
role of coupling on the stability and performance of decen-
tralized controllers. A stability analysis for systems that are
coupled by the actuators has been presented. A novel coupling
parameter that characterizes the degree of coupling in a 2X2
system has been introduced and defined. The representation
of the degree of coupling in terms of a single parameter allows
the stability and the performance robustness of both decen-
tralized and centralized control systems to be characterized in
terms of the coupling parameter for a variety of coupled sys-
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tems. Higher-order systems can be analyzed in a similar man-
ner by defining a separate coupling parameter for every pair
of subsystems.

A simple test structure consisting of a cantilever beam with
attached disk has been used to experimentally verify the stabil-
ity analysis. This structure exhibits bending and torsion at
nearly the same frequency. The force actuators can be relo-
cated so that the degree of coupling between bending and
torsion can be easily adjusted. Initial condition responses on
this structure for several coupling values confirm that the per-
formance severely degrades as the degree of coupling ap-
proaches the critical value, where the system becomes unstable
for both decentralized and centralized controllers. Thus, to
ensure stable control, the actuators should be located so that
the coupling they induce is sufficiently different from the crit-
ical value. :
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Introduction

HE importance of robust controllers is seen by their

application to situations involving plant or transfer func-
tion uncertainty. Plant uncertainty can arise from variations
in plant dynamics throughout a performance range or from
the inability to accurately model a complicated plant. Quanti-
tative Feedback Theory (QFT) is one technique which has
proven useful in robust control applications. QFT is a unified
theory that emphasizes the use of feedback for achieving the
desired system performance tolerances despite plant uncer-
tainty and plant disturbances.!
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QFT compares favorably to other robust techniques such as
H-infinity.? Application to stable and unstable plants as well
as linear and nonlinear plants shows the versatility of the
technique.>* Specific applications have ranged from flight
control problems’® to PUMA-560 robotic manipulators.58 Air-
craft transfer functions vary with flight conditions such as
speed and altitude and provide a good challenge for robust
control techniques.’

As case studies, a business jet and an F-4 fighter jet provide
an interesting comparison for the application. The dynamics
for three flight conditions cause a wide range of parameter
uncertainties to arise. Additionally, inclusion of a fast and a
slow actuator demonstrates the actuator’s effect on the perfor-
mance of the aircraft.® The slower actuator may represent any
additional lags in the system which serve to degrade aircraft
performance,

The model development section details the flight conditions
used to derive the plant cases. Then, military standard MIL.-F-
8785B provides the guidance for the development of flight
performance specifications for all categories of flight. The
fourth section provides a mathematical validation of the de-
sign and the fifth section provides some insight into design
tradeoffs. Finally, the last section presents the conclusion.

Model Development

Aircraft dynamics change with flight conditions, and this
causes flight uncertainty throughout a typical mission. For the
business jet case study, three flight conditions represent the
uncertainty for a flight in this test case.® Flight condition 1
displays the low-speed dynamics associated with landing,
while flight conditions 2 and 3 exhibit high-speed subsonic
cruise dynamics. Condition 2 also shows the effect of in-
creased moment of inertia on the aircraft dynamics. A short
period approximation?® is used for the models.

Aircraft normally incorporate actuators to make required
stick forces manageable for control surface deflections, espe-
cially at high dynamic pressures.’ However, actuators con-
tribute lag to the aircraft system. Therefore, a designer must
account for these delays. To represent additional unmodeled
delays in the system, two actuators are used. One has a time
constant of 0.08 s and an additional actuator is modeled with
a time constant of 0.10 s.

Combining three transfer functions with two actuators
yields a total of six plants. These plants represent parameter
uncertainty based on speed, altitude, weight, and system lag.
The maximum variation is 15.787 dB between the different
plants. This case study gives a representative problem for the
application of QFT.

An F-4 fighter jet provides the dynamics for the second case
study. The F-4 is substantially different from a business jet, in
particular because of its supersonic capabilities. Flight condi-
tions include power approach, subsonic cruise, and supersonic
cruise. The aircraft dynamics vary greatly over this range of
flight conditions. Table 1 lists the plants for both the business
jet and the fighter jet.

Flight Performance Specifications

The most restrictive requirements are for category A in
military standard MIL-F-87875B. Choosing the most restric-
tive ¢ and w, results in a range of 0.932 s < Tspy, <4.57 s for the
business jet and 0.735 s< 75,0, <4.16 s. The maximum peak
for both cases, based on {y;, is 1.309.

Quantitative Feedback Theory Design

Several sources'? provide the details of the QFT design
procedure. The results of this design are presented here rather
than the details due to space limitations. The tracking specifi-
cations developed from MIL-F-8785B serve as the tracking
bounds, and the disturbance bound is arbitrarily chosen as
— 20 dB at all frequencies. Figure 1 shows the nominal loop
transmissions that satisfy the tracking and disturbance bounds
for both the business jet and the fighter jet. This results in the



